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Theorem. Every finite Bonel measure h on a metric space
X is strongly regular.

Proof
.
Let I be the collection of measurable sets BEX that satisfy :

Plis) = inf(M(U) : U = Bopen) (outer regular
= sup (M(C) : C=B closed) (inner regular

Claim(a) . 3 contains ever open set.
Proof . The outer regularity is trivial and inner regularity follows from the fact that

in metric spaces open
safe are Fr

·

Indeed write an open set U as UCn where

echidirpmassurea
Claim (8) . 3 is closed under complements .
Proof

.

Follows from the fact At the complements of open/closedts are

closed/open.

Claim (c)
.

3 is closed under finite unions
,
hence is

an algebra.
Proof. Open/closed als are closed under finite unious.

Claim (d) . Y is closed under atbl unions
,
heave is a t-algebra.

Proof. Let An be sets in 5 . By chain ()
,
we way replace each An withAs

and assume Nat the An are increasing.
For outer regularity , let Un > An be open sets with /Un\An) > 3/2, so
MIUV\VAn) < [MIRaLAuIcE al WUaYVAn is open,
For inner regularity ,

Yet Cn An be closed site with "M(AniCa) < //n.
Then for large enough REIN

, MIAvbIVAn) by monotone convergence,



and M/Cr) = 42 GlAr)
,

so CrEXAn is closed and MYAn)(r) < d.

Thus
,
5 contains all Bonel sets. Now if M is a homeasurable seto

,
then

there are Borel sets B
,
B
+ = M and B-EM = B+. Then take open

UB
+

and closed C = B- with MK) sU(B_ = M(M) =M(B +) EM(r) . These

hand (withen the regularity of M
.

Thus 5 = Measu

Bef
. Say that a Bonel measurem on a metric space X is definite by
open sets if X is a ctel union of open sets of finite measure.

Cor
.
If a Bowl measure l on a metric space

X is Definite by open sets,
then ho is stronglyregular.

Proof
.
Let X = UK

n
where each Un is open and of finite measure . Let A be

and measurable set. Then for each neIN
,
Here is an open set V = Un

relative do Un such At VEARUa and MINIA) < 3/24+) . But bease
Ma is open in X ,

Un too is open in X . Thus
,
UVa : A is open and

MIUVn(A) -[M(Vn\A) < 3 . Thus strong outer regularity holds.
For inner regularity" let USA be open such ht MCUAPE3 .

But He

US A is closed and M(ALU4 = M(A(U) = M(U \A4.

Caution
. It's not tree let all infinite Bonel measures are regular , as the following
example shows.

ExampleIt Xithe one-point compactification of
R
,
ie . X =IRV So the

via the stereographic projection p: S'eRVIN),
j where SYNS-- IR and plN := & . The open sets in X

·
X

IR
are all open sets in IR together with the ste of

j(x) the form 303 UK where UEIR is open in IR and



contains a set of the form I-0
,
a) v(b

,
d) for some a

,
beR

.

Let c be
the Bonel measure on X defined by M/R= x (Lebesgue) and M(243) : = 0.
Since is On IR is infinite

, M
on X is also -finite

,
indeed

X = (a) V((u,
n +)

and ende out in this union"
*
has finite meckne. Yet

, Mis enter

regular : M134) = 0 but flu) = & for
any open not 170 hearse

then 1 contains a set of the form (-0
,
al V (6

,
9).

Observe also Ut X is notrhinite by open sets bene if X = V Un
where Un is open , then & ECr for some neIN here M/Un) = &

Def
.

Let X be a topological space and let he be a Bonel measure or it.

We say that :

M is finite on compact sets if M(K) & for each compact KEX.

M is locallyQuiteifeve pointadmineighbourhooiendmits
an open neighborhood of finite measure.

Prop . For any dopological space X and a Bonel measure on it
,
we have :

Xislls
(19 M is finite on compact sets.

compact
-126m M is locally finite.

Xis (ul
ctbl v13) M is Definite by open sele.

Proof
.
(2) (1) . Ut K = X be a compact set

.

For each xEK
,
let Uxzx be open

with finite measure
, then SUxhxek is an open cover of

K
,
Kee F Knit



subcover Hx
, ...,
Uxu ,

so (k) M(Uxi) < &

(3) => (2) · If X = UKn with each Un open and finite measure
,
ten each pt

xeX belongs to one of these Un.

(1) = (2)· Suppose X is locally compact , i. e . every xEX admits a compact weigh
bourhood K

,
i
. e
.
x intr

.
But (1) says

let MIK) <&, so
blint(k)) < &, withening (2).

(2) => (3) . Let1 be a otbl basis for X
. By (2)

,
each ptxEX has an

open neighbourhood VEX of finite measure. But this V is union of

some sets in 11 hone I UEH with XUEV
,
so l also has

finite measure . Mus , each x has a HET with xell of finite measure.

Hence
,
lettingI := \UCH : M(U) < &]

,
we get let X = UU .

HEL

Def . A Berel measure le on a metric
space X is called light ifh concen-

trates on compact ads", i . e . for
every measurable set BEX

h(B) = sup >M(K) : RIB compact).

Theorem
. Every finite Borel measure M on a Polish metric space X is fight.


